Some first-order perturbation energy values by Sanders, F. & Scherr, C. W.
SOME FIRST-ORDER PERTURBATION ENERGY VALUES* l i  
.,' 
Frank Sak-ideTs and Charles W .  Scher r  
Department o f  Physics 
U n i v e r s i t y  of Texas 
' 4  .% 
atom the per turba t ion  i s  chosen t o  be the e l e c t r o n -  .;' *?;& 
+%f 
l e c t r o n  i n t e r a c t i o n  term i n  the p o t e n t i a l  energy': 
-1 -1 
r12 H = Ho + Z 
z o o w y o ~ A l l . , l J v d  khere Ho i s  the zero-order  Hamiltonian wi th  e igenfunct ions 
I say, and Z is  the  nuclear  charge.  Then, as i s  well known, 
the f i r s t - o r d e r  pe r tu rba t ion  energy co r rec t ion  i s  given by 
I n  t h i s  note ,  the  ~ ~ ( p )  are computed f o r  a number o f  the 
s ingly-exc i ted  s i n g l e t  and t r i p l e t  S, P, and D symmetry states 
of  the helium i s o - e l e c t r o n i c  sequence. By a s ingly-exc i ted  
s ta te  i s  meant one whose c o r r e c t  zero-order wavefunction i s  
o f  the form of  a properly symmetrized product Y = Ylo0(1) OP 
Ynam( 2)  where Bhe Ynam are the hydrogen problem e igenfunct lons  
Tbisc %?zih.w~ a r e  needed for the c a l c u l a t i o n  of  t h e  h igher -  I 5 z 
o r d e r  energy coe f f i cden t s .  5 0  s s  
z z  
0
c I n  the s tandard  spectroscopic  no ta t ion  f o r  Ynams 
where, f o r  example, the  f irst  i n t e g r a l  i s  the coulomb energy q 0 
of i n t e r a c t i o n  between the charge d i s t r i b u t i o n  l s l s  and n h j .  to F 
https://ntrs.nasa.gov/search.jsp?R=19650012577 2020-03-16T23:41:30+00:00Z
- .  
-2- 
I n  terms of the hypergeometric func t ion  
- (n-a-1) (n2+n+1) ( n + l  F(l+&-n,l+a-n12.&+21n'2) 3 )  
and 
These i n t e g r a l s  a r e  presented i n  Table I .  
The el values  f o r  the singlet and t r i p l e t  NS,  NP and ND s t a t e s  
of the helium i s o e l e c t r o n i c  s e r i e s  (N<20) a r e  presented i n  Tables 
E-N. The c a l c u l a t i o n s  were performed i n  double p rec i s ion  (27 
s i g n i f i c a n t  decimal f i g u r e s )  on the CDC 1604 l oca t ed  on t h i s  
campus. 
f i g u r e s ,  and the  d a t a  have been rounded accordingly.  
Pilot c a l c u l a t i o n s  i n d i c a t e  an accuracy o f  a t  least  24 
'In o r d e r  t o  ob ta in  t h d s  form of  t h  hamiltonian, atomic u n i t s  
of  l eng th  Z a  and o f  energy 2RhcZ8 are used. However, i n  the 
d i scuss ion  &at follows and i n  the t a b l e s ,  u n i t s  of a. and 2Rhc 
r e s p e c t i v e l y  are used. 
*Th i s  r e sea rch  was supported by a g ran t  from the Nat ional  Aero- 
n a u t i c s  and Space Administration. 
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I n t e g r a l s  i n  Atohic Uni t s  
I 
[ lSlS/ l \ iSNS) / z  [lSNS/1SNS] / z  
1 
N 
- 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
1 3  
1 4  
15 
16  
1 7  
1 8  
19 
20 
~~ 
2 .@98765432U98  ? 6 5 4 3 2 0 9 8 7 6 5 E - 0 1  
9.9 48 7 3 0 4 b 8 7 5 C; 0 00 0 @G 0 0 0 00 0 E- 0 2 
5.763328000000000000OGGOO0E-02 
3 . 7 S 1 6 8 5 W 1 2 2 1 3 6 6 5 8 5 3 7 8 2 4 5 E - 0 2  
2 .63434598029044972202509 i3€-02  
1 . 9 5 0 5 9 3 3 5 6 3 2 0 Y 5 0 Y C 8 4 4 7 2 9 4 E - 0 2  
1 . 5 0 2  10 16 1 9 9 6 4 2 9 8  119 1 6 2 8 4  1E-02 
1.19216931224101390COCC~OOGE-02 
9 . 6 9 1 0 2 4 2 7 4 9 7 4 5 3 4 3 2 0 0 4 4 3 5 3 E - 0 3  
8 . 0 3 2 3 8 5 8 5 1 2 9 5 6 8 0 3 7 5 6  16647E-03 
5.77661147027951723216Y509E-03 
4 . 9 8 9 5 2 3 8 7 3 5 5 3 3 4 0 5 2 0 9 0 4 9 O l E - 0 3  
4.35297310861408G811222551E-03 
6 .76572 ia45597 i62605382153~-03  
3 . 8 3 0 8 8 6 0 8 0 5 9 7 4 7 3 6  19003433E-0  3 
3.397380464078058b30277007E-03 
3.033495829100864268230069E-03 
2 . 7 2 5 0 8 5 6 4 5 8 8 1 5 4 4 4 6 5 8 1 8 4 0 5 E - 0 3  
2.4614218d167420114992lt385E-03 
~~ 
2 . 1 9 4 7 6 7 3 7 9 9 7 2 5 h 5 1 5 7 7 5 0 3 4 2 E - 0 2  
5.767822265625000000OOCOCOE-03 
2.339635199399999999999999E-03 
1.176828733692’921697799003E-03 
6.74576708335991811589GO88E-04 
4 2 2 3 8 7 9 1 5 6 8 3 9 4 16 2 8 2 3 0 9 6 8 5 E - 04 
2 . 8 1 9 2 4 3 6 2 2 9 3 8 8 6 8 6 8 1 7 6 4 0 0 2 E - 0 4  
1 .975053306445844399999998E-04  
1~437221255687173670056111E~04 
LO783685205h7764693717119E-04 
8 . 2 9 7 7 8 2 4 2 0 3 4 8 6 1 3 0 9 7 7 7 4 2 8 2 E - 0 5  
6.5212967329195220898826G2E-G5 
5 . 2 1 8 0 5 7 8 7 7 3 2 3 0 4 5 3 5 6 1 5 4 0 8 6 E - 0 5  
4 .240339975897315780043595E-05  
3 .492494356599942695316096E-05  
2 . 9 1 0 7 2 2 2 2 7 8 3 1 2 2 6 1 3 8 4 6 4 2 4 8 E - 0 5  
2 . 4 5 1 3 5 3 2 8 2 8 1 8 5 9 0 9 0 2 1 2 5 b 4 6 E - 0 5  
2 .083807561043771273671047E-05  
1.78623579348118826655936lE-05 
N [lSNP/lSNP] / Z  
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
1 2  
1 3  
1 4  
15 
1 6  
1 7  
1 8  
19 
20 
2 . 7 4 8 2 4 0 2 3 4 6 9 1 9 0 3 9 C 6 1 3 3 3 7 O E - 0 2  
2 0 2 2 1 6 4 7 0 9 7 0  3 8 1 8 0 G 8 9 4 0 5 8 3 E- 0 2 
1.549983003603115530178243E-02 
1 . 2 2 5 7 6 6 3 4 0 9 6 1 9 4 8 7 2 0 O ~ O O O O E - 0 2  
9 . 9 3 5 7 8 2 2 1 7 9 3 8 5 1 1 2 4 9 2 9 0 6 5 6 E - 0 3  
8 . 2 1 6 1 8 4 8 7 8 3 5 6 3 4 3 6 8 9 6 0 8 9 9 4 E - 0 3  
6 . 9 0 7 2 4 0 5 1 0 6 8 Y 8 1 0 4 7 0 4 7 4 5 3 l E - 0 3  
5 . 8 8 7 U 0 7 0 d 5 4 0 5 8 9 0 5 1 8 3 2 6 9 8  5E-03 
5 .078596634067437059217319E-03  
4 . 4 25 3 7 8 97 5 4 2  1 5 00 5 526 8886 1 E-0 3 
3 8 9 0 ! i 3 7 5 1 8 5 2 8 2 0 ~ S 5 9 8 0 O O 9 7 E - 0 3  
3 . 4 4 7 1 0 5 9 2 9 9 6 3 2 5 6 0 2 2 6 2 7 9 2 7 E - 0 3  
3.0 15381148107272601011308E-0~  
2.760696253U17178852227367E-03 
2.491951175820291650664087E-03 
1.70705685L0897729G0472489E-02 
4.531860351562500000OOGOOOE-03 
1.i3441ci3O4000000000GOOOOOOE-03 
9.28945020211295536308G965E-04 
5 . 3 2 8 9 2 4 3 2 1 8 8 9 1 4 3 6 0 9 2 9 4 2 l l E - 0 4  
2.22877622797329173Gl06337E-04 
1.561708216970136000000000E-04 
3 * 3 3 8 2 4 0 6 0 9 6 4 7 1 5 8 4 0 7 8 2 4 4 6 2 E - 0 4  
1~136598080518734269094758E-04 
8*528966879770779620046936E-05 
6 .563358979306275799677071E-05  
5.15852095153811076501177lE-05 
3.354522808282623751897562E-05 
4o127828349314895148930006E-05 
i l  
1 7  
L3 
1 4  
1 5  
d .2 6 1 Li) 2 d 2 49 7 2 7 5 1 C 944C .34C 5 E- C 3 
6 9 ft 2 G  7 5 1 5 5 2 1 2 6 t O  C ? G 3 ij 14/t 7 ' : -0  3 
5 . 3  1 5 2  5 8 7 2  e I 3 C  4 1 Z 1 7 2  1 2 ~ 3 3 8  C - C 3  
5 .1  CIC 5 3 7 9 7 7 3  1 ; * I C  3 1 1 4 4  G 3 10 0 5-  Cl3 
4 . 4 4 3 2 19/t 4 4 c 1 4 b d644 / t  4 5 9 24  2 E- 0 3 
7 , 6 1 E 1 6 2 7 5 3 5 9 3 4 7 3 C 4 5 5 3 4 2 5 1 E - 0 6  
5 , 2 $ 0 0 5 0 4 G 9 7 6 2 6 4 2 9 2 6 3 0 3 9 ~ 6 ~ - ~ 6  
4 .64Gl i242Ta73358511605765E-06  
3 . 7 2 8 5 4 6 9 0 6 5 6 2 ; 0 7 2 7 f ~ 0 3 7 5 5 5 E - 0 6  
3 11 3 7 0 4 5 2 8 5  2 7 5 4  3 2  5 5 7 3 2 9 2  87:-96 
TABLE 11. The el in Atomic Units. S-States 
N E ,  ( N W  E ,  ( N W  
2 . 7  G 1 E C 3 6  5 1 1 2  4 9 4 8  9 C 3 1 I 3 9 9 9 E - 0 2  
1 . 9 9 2 6 3 2 14 7 d t; ' 3  3 4 5 1 5 1 2 7 c'3? c\ E- 0 2 
1 . 5  3 0 2 3 4 Ci  5 6 I 9 3 5 3 h 5 C 5 Y 2 O't 8 1 Z - Z 2 
1 .2 1 1 9 1 9 P  4 5 3 2  3 4 7 2  3 4 4  9 9 0 00 0 E- C, 2 
9 .  C 3/t7 4 bG0 C 5 4 3 2 5 1 G 8 7 0  4 7 36 5 E-O 3 
1 .  d 7 9 2 J 6 4 9 4 I O l X ? ~ 9 1 6 3 2 3 7 3 1 E - ~ l  
9 . 3 7 1 9 ~ ~ 2 4 2 1 & 7 5 0 0 0 0 ~ 0 0 ~ @ ~ 0 ~ - c ~  
5 .5  2 9 3 6 44 8 9 0 O! )  r ,  0 0 0 12 3 0 0 G 0 20 E - 0 2 
3 . 5 3 4 0 0 3 0 2 7 8 5 2 5 7 4 4 1 5 5 9 8 3 4 5 f - 0 2  
? . 5 ~ 6 a ~ ~ 3 0 9 4 5 6 0 5 0 5 4 0 ~ 6 6 1 9 7 ~ - 0 2  
1 . ~ ~ e 3 5 4 5 6 4 7 5 2 5 5 6 8 2 5 6 2 4 1 9 7 E - 0 2  
1.4 7 3 9Q 4 1 8 3 7 3 4 9 0 9 4 3 2 2 8 5 2 0 1 Z-'3 2 
1 . 1 7 2 4 1 3 7 7 9 1 7 6 5 5 5 4 5 4 O C C C 0 0 f - 0 2  
9 . ; 4 7 3 C 2 1 4 9 4 0 5 8 1 6 9 5 3 0 3 8 7 4 2 E - 0 3  
11 7 . 9  2 4 5 4 8 9  9 9 2 3 8 9 03 9 06 2 4 4  9 36 E -0 3 
1 2  6 .84S6 'J3669SCCC48 7 2 6 3  59SY 6E-03 6 . G 8 2 7 4 4 C 2 1 3 3 3 6 7 5 4 7 4 4 0 4 4 1 0 E - 0 3  
13 5 . 7 11 3 9 85 0 2 (1 50 3 7 2  0 1 12  7 0 6  84E-0 3 
1 4  4 . 9 3 7 3 4 3 2  9 4  7 90  I 10  0 5 7 3 4  3 3 GG f - 0  3 
a 1 !> 4 . 3 1 0 5 6 9 7 0 ~ 8 5 5 1 @ 7 6 5 3 3 4 2 1 1 4 ~ - ~ 3  
C . l 4 0 2 7 2 7 n 3 j 5 2 4 ~ 6 H 4 4 9 ~ 3 ~ 5 9 ~ - ~ 3  
5 . 8 4 1 5 2 4 4 3 7 6 0 ~  I 1 2 4 5 3 0 6 E 3 3 5 E - 0 3  
2 . 3 4 1 7 0 4  4 5 2 j 2 6 5 7 " ' j  74 4 6 6 4 4  2 Z-0 3 
4 . 3  ? 5 3 7 6 5 3 3 7 3 C 53 3 6 3 1 C 2 9 8 7 E- 3 3 
1 6  
1 7  
19 
2 'J 
3. t; 6 5 L 1 10 2 4 1 5 3 4 7 3  i' 4 5 9 5 G 5 9 4 F- 0 3 
3 4 2 6 4  8 7 6 2 6 3 5 6 3 70  2 9 1 4 0 1 6  5 k ?  E-C\ 3 
7 .  7 4 5 Y 2  372 1441 19b2 L 7C5 5511 6 2 - 0 3  
2 . 4  79.2 3 4  7 396?'3 i? 13 ;> 3 2  5 d 7 / t7  3 E - @  3 
3 . 7 $ 5 9 6 1 1 3 7 3 3 1 4 7 4 1 9 2 @ 5 0 2 7 2 Z - 0 3  
3 . 3 6 8 2 7 3 2 4 1 7 9 9 7 4 5 7 6 8 8 9 2 3 6 5 E - e 3  
2 .  I C  4 2  4 7  5 7 C' 2 7 1 1 0 f )  7 5 3 C) 8 16 9 5  E - 0 3 
2 . 4 4 3 5 5 9 5 2 3 7 3 9 3 8 9 2 6 7 2 5 6 2 9 1 E - Q 3  
12 3. P ' j  Q L  '39 3 !) 192 9 9  50 1 7 7 2  5 1 3 2  8 E - ( 3  3 3.0~8382296272~75359z~~~ii~-e3 
- _  . 
. 
b - “  
t 
TABLE 111. The c1 i n  Atomic U n i t s .  P -S ta t e s  
5 2 . 6 3 4 3 5 0 9 9 1 4 7 3 C 1 2 4 7 0 0 4 G 4 2 8 E - 0 2  
7 2 .  C 5 5 5 4 7  1 i 5 ~ G 5 2 H ~ i r ~ 3 0 2 6 C 2 6 E - G 2  l . Y d 8 7 G 2 3 0 3 6 1 2 3 4 5 4 2 4 8 7 0 3 3 9 E - 0 2  
d I. 5 7 2 2  7 C 7 6 5 3 8 2 8 f t 8 4 4 7 4  7Y306E-C2 1 . ~ 2 7 5 Y 5 2 4 1 3 2 3 j 8 2 6 1 2 8 7 7 1 8 o c - c 2  
9 1 . 2 1 0 1 4 3 2 5 8 7 9 2 2 4 7 3 6 0 3 0 0 0 0 0 E - 0 2  
10 1 . i 0 4 9 4 4 2 ~ 2 5 9 9 3 3 8 4 6 7 6 2 o c 1 3 c - 0 2  9 .82212240988663732238 l l -8 lE-03  
2.9 r? 1 5 2 9 4 7  7 9 10 7 95 3 4 2 2 2 6 3 1 2 E- 0 2 
I 1 . 2 1 3:: 3 4 2  3 1 3  1 6 50 L ’3 CC C COGOE-C) 2 
1 1  d . 3 0 1 4 7 4 5 4 7 1 5 4 0 5 1 4 8 5 6 0 9 4 6 3 E - 0 3  8 . 1 3 0 3 9 5 2 0 9 5 5 3 6 3 5 9 9 3 4 0 6 5 2 4 E - C ! 3  
6.8416C692G39h7477124777?6OE-C3 
5 . 8 3 6 3 0 1 8 7 5 8 9 0 5 0 9 4 7 0 6 7 6 8 6 7 E - 0 3  
1 2  
1 3  
1 4 5 . 0 3 7 3 i H 3 5 0 5 7 4 2  3 8 1 0 7 7  2 E O  19 E-0 3 
1 5  4 . ~ 3 1 5 3 3 7 4 7 3 3 8 6 7 4 3 1 5 1 6 9 8 8 5 E - 0 3  
6 . 9 7 2  t i 7 4  l L 0 4 8 2  8 7  3 2 2 8 4 7  l m 2 E - @ 3  
3 . 9 39 4 7 2 2 3 4 9 2 l2 7 1 6 8 5 ’3 7 7 10 2 E- 0 3 
5 . 1 1 9 G 7 4 9 1 7 5 6 0 5 ~ 6 ~ 1 0 7 ~ ~ S G 1 3 E - 0 3  
4 . 4  5 6 92  4 2 Q 3 5C 4 3 26  7 9 C  2 C 7 8  3 6 E - 3 3 
I 
7 ,  10 3.d6290757725710600586422OE-03 
1 7  3 . 4 2 4 0 7 7 9 0 1 5 8 9 1 3 7 5 1 8 8 6 5 3 7 0 E - C 3  
18 3.C94775342171706C!6Y344471”-03 3 . 0 5 5 9 8 6 9 5 4 @ 4 2 8 3 ? ? 3 2 6 7 8 1 4 4 C - 9 3  
13 2 . 7 / 7 1 9 2 8 7 8 2 C G Y 5 1 2 9 ~ 1 4 ~ 6 3 ~ ~ - 0 3  2 . 7 4 4 2 C 9 6 2 7 8 2 7 4 0 5 8 2 5 3 0 5 0 9 5 E - @ 3  
3.9 18  167459 7 9 9 3  1 3  1 1 3 7 3  59 75E-03  
3 . 4  79 1 3  395 8 3 3  ( 3  7 / t  5 26  3 9 9 4 6  3E-!’13 
2 0  2.5 C60 8 3 7 1 0 09 1 1 7 0  5 3 3 5 1 1 15 7 C- @ 3 ~ . 4 7 7 5 i 8 6 4 i 5 4 9 4 i z 7 6 i 7 ? 7 0 1 8 ~ - 0 3  
TABLE I V .  The i n  Atomic U n i t s .  D-States  - 
N E4(N1D) E4(T’.T3D) 
3 1 . 1 1 2 7 0 1 4 1 6 0 1 5 6 2 5 C 0 ~ ~ ~ ~ Q ~ G ~ ~ ~ l  1.1C7757568359375000O@OOOCE-O1 
4 6.231e3175580C0~000900GOOOE-02 
5 3 989 E 1260 3 8 4 5 0  1760308  2 9  39E -02 
6 . 2  5 8 2 0 34  4 3 20 C OGO (3 Ob C) C; 0 GO 0 E- 0 2 
4 . 0 0 4 4 9 4 5 2 5 1 5 4 6 2 6 7 6 0 0 7 3 Q 8 4 E - 0 2  
6 2 . 7 3 0 4 6 3 2 8 4 d 7 8 7 4 3 2 3 6 5 9 6 4 4 1 E - 0 2  2 . 7 7 i 6 i 3 5 8 2 6 6 5 ~ 3 2 0 0 4 7 8 ~ 6 ~ a ~ - ~ z  
7 2 . ~ 4 2 5 3 7 8 2 0 0 3 1 8 8 8 ~ t 4 3 Y G 7 1 7 E - O L  2 . 0 3 6 8 3 4 4 4 1 1 3 6 2 5 1 1 1 2 2 4 S 1 3 l E - 0 2  
2 1 . 4  6 3 6 6 6 0 0  8 5 7 3  5 2 3 6 0 7 8 4 0 S 2  4E-02 1 . 5 5 9 7 5 3 4 h 1 6 7 @ ? 9 1 ~ 5 2 0 8 1 2 1 8 E - 0 2  
9 1 . 2 3 2 6 4 3 6 6 ~ 8 7 3 2 3 5 0 2 8 8 o c o o 0 C - 0 2  1 . 2 3 5 3 9  2 8 2 2 3 9 0 1 38 C I, l 2  6 0 O G  0 f -0  2 
10 1 . ~ 0 0 6 C 4 4 4 ~ 9 7 4 4 1 Y 3 9 5 5 2 ~ ~ ~ 7 ~ - 0 2  9 , 3 a 5 3 6 5 8 5 3 9 0 2 7 1 4 6 h a 1 6 9 7 0 5 ~ - 0 3  
11 R.269C2C9P7726350567648142E-03 1.253764662219151621557873E-03 
1 2  6 = j 4 7 4 6 ~ 2 1 5 6 2 2 4 4 2 h 7 9 3 ~ 7 7 5 1 ~ - ~ ~  6 . 9 3 6 1 E x l f t 8 O 2 Y  1 7 3 Y 3 4 5 5 1 4 4 E - 0 3  
1 3  5 . 9  1 9 0 3 4  1 i 1 5 6 2  9 1 3 3 0 6 3  1 9 4 4 5 0  3 5 . 9  1 0 6 4 2 5 4 6 3 0 4 5 4 4 8 1 3 6 0 8 7 3 3 k O 3  
14  5 .  C.3CSC943 lOO54466C7193%2E-@3 
1s 4 .  4 4 6 2 5 6 4 8 9 d f 2 ‘ ) 3 6 i  t 7  7 0 1 7 1 7 2 F O 3  4 . 4 4 C 1 6 2 3 9 9 3 2 3 4 1 l C l l ~ G 1 3 1 ~ ~ - ~ 3  
I 
5 . 1  3 4 2 6 6 5 2 4 3  1 b 5 7 1  621 7 4 5  13 7 : -03  
16 
1 7  
13 
19 
3 .3  0 7 7 4  4 7 3  3 9 2 2 4 1 8  (? 5 C  7 ‘97 2 3 3 E- 0 3 
3 . 4 5 1 4 5 4 9 %  i 7 0 0 1 7 6 5 3 1 4 7 4 5 2 7 ~ - 0 3  
3 .  CJ 5 7 4  7 1 3 1 5 50 13 5 30  2 4Y 3 2 2 33 3 E-0 3 
2. 770 9 7 7 7 3 0 6 4 9  3 7 8  Y 6 2  345 3975-0 3 
3.7C2732299298172932l .92887Z-03 
3 . 4 5 7 2 7 0  3 2 1 0 4 3 2 6 3 4 8 2 2 5 7 1 06 E - 0 3 
3 .0139428 7 3 0 1  1 6 8 7 6 8 4 7 9 4 5 3 Y  E-03  
2 . 7 6 7 9 7 5 0 2 6  1 8 8 2  5 0 6  l Q 2 2 % 9 0 E - O 3  
2 0  2 5 00 7 f> 7 5 C 4 5 I i; 7 2 3 I! 33 2 3 7 30 2 E-O 3 2 . 4 9 5  1 ? 1 O R E  3 6 2 3  1 6 6 4 3 7 j 5 6 2 8 E - P 3  - 
